We investigate the spatial images of the probe, generated four wave mixing (FWM) signal and the accompanying fluorescence spectrum signal simultaneously in FWM process in a cascade three-level atomic system for the first time. We experimentally observe and theoretically investigate the three spectrum signals versus the probe field as well as the dressing field frequency detunings. Utilizing the experimental results of spectrum signals, the cross phase modulation and the relative position between the weak and strong beams, we analyze the characteristics indicated in the spatial images of probe transmission and FWM, such as focusing or defocusing, shift and splitting in detail. Such studies can be used in all-optical controlled spatial signal transmission.
Introduction
In last two decades, electromagnetically induced transparency (EIT) in multi-level atomic vapors attracted a lot of attentions from all over the world. 1, 2) It has been demonstrated that the nonlinearities can be significantly enhanced and modified due to atomic coherence.
1) The atomic coherence enhanced self-and cross-Kerr nonlinearities are essential in generating large refractive index modulation. 3) With the change of the nonlinear refractive index, laser induced-focusing 4) and pattern formation 5) have been extensively investigated with two laser beams propagating in atomic vapors. And recently, we have observed spatial shift, 6, 7) spatial Autler-Townes (AT) splitting, gap and dipole solitons of the four wave mixing (FWM) beams 8, 9) generated in multi-level atomic systems with dressing effects, 7, [10] [11] [12] and these processes can be well controlled by additional coupling laser beams via the cross-phase modulation.
On the other hand, the crucial point to observe atomic coherence is that the detunings of the probe and coupling fields in the atomic system should satisfy the so-called enhancement and suppression conditions, 1, 2, 7, 8) and we have observed the evolution of the enhancement and suppression of FWM signals by controlling additional laser fields. 13) Also, the fluorescence signal induced by spontaneous emission under EIT conditions 14, 15) are studied due to its potential applications in metrology and long-distance quantum communication and quantum correlation. Besides atomic vapors, it is worth mentioning that the AT splitting in fluorescence spectrum has also been reported in lithium molecules. 14) In this paper, we experimentally and theoretically investigate the images and spectral signals of the probe transmission, generated degenerate four-wave mixing (DFWM), and the accompanying fluorescence simultaneously in FWM process with dressing effect. By comparing the three types of signals, we discuss the spatial splitting, shift, focusing as well as defocusing effect, and some other characteristics of the images of the probe and DFWM signals in detail. In our investigation, the spectrum signals can be effectively controlled by adjusting the incident beam intensity and frequency detuning. The paper is organized as follows: in Sect. 2, we briefly introduce the theoretical model and experiment scheme; in Sect. 3, we discuss the experiment results in detail and give the reasonable explanations; in Sect. 4 we conclude the paper.
Theoretical Model and Experimental Scheme
The experiment is conducted in a heat pipe oven filled with sodium vapors, with the levels j0i (3S 1=2 ), j1i (3P 3=2 ), and j2i (4D 3=2 ) forming a cascade three-level atomic system as shown in Fig. 1(a) . In this atomic system, the coupling laser fields E 1 (with frequency ! 1 , wave vector k 1 , and the Rabi frequency G 1 ¼ 10 E 1 =h " with 10 being the transition dipole moment between j1i and j0i, and E 1 being the electrical field intensity of E 1 ) and E ) between them in x-o-z plane, propagate in the opposite direction of the probe field E p (! 1 , k p , G p ) with a power of 3.8 W. These three beams are from the same near-transform-limited dye laser (repetition rate: 10 Hz, pulse width: 5 ns, line width: 0.04 cm À1 ) with the same frequency detuning Á 1 ¼ 10 À ! 1 , where 10 is the transition frequency between j0i and j1i. Another two coupling fields E 2 (! 2 , k 2 , and G 2 ) and E ) between them in y-o-z plane are from the other similar dye laser with frequency detuning Á 2 ¼ 21 À ! 2 , where 21 is the resonant transition frequency between j1i and j2i. These pulse laser beams are spatially aligned as shown in Fig. 1(c) . The DFWM signal E F with Rabi frequency G F is generated by E p , E 1 , and E 0 1 , which satisfies the phase matching condition
The experiment setups are shown in Fig. 1(b) , in which the images of E p and E F signals are captured by a charge coupled device (CCD), and the spectrum signals as well as fluorescence (R1 and R2) are recorded by photomultiplier tubes (PMTs).
In order to understand E p , E F and fluorescence signal processes, the perturbation chain (Liouville pathway) is introduced. Firstly, according to the perturbation chain
10 [denoted as (I)], the first-order density matrix element, the imaginary part of which proportionally determines the absorption of E p , can be expressed as 
, and the first-order density matrix element can be rewritten as
2 j 2 with À ij being the transverse relaxation rates between the states jii and jji. Secondly, along the perturbation chain
10 [denoted as (II)], the undressed DFWM can be generated. Therefore, the third-order nonlinear densitymatrix element, the amplitude square of which proportionally determines the intensity of DFWM signal, can be expressed as
When E F suffers the dressing effects of E 1 (E 0 1 ) and E 2 (E 0 2 ), the perturbation chain (II) is modified into
for the generation of multi-dressed DFWM, and the third-order density matrix element can be rewritten as
In this atomic system, two types of fluorescence signal can be obtained. One type of fluorescence signal R1 comes from the spontaneous emission of photons in the decay from j1i to j0i, and the corresponding perturbation chain is
11 (R1). The intensity of R1 is proportional to the amplitude square of
The other type of fluorescence signal R2 is generated in the decay from j2i to j1i, and its intensity is proportional to the square of (R2), describing the pumping process of atom from j0i to j2i by the strong beams E 1 (E 0 1 ) and E 2 (E 0 2 ), both of which can dress R1 and R2. So the perturbation chains (R1) and (R2) should be modified into
22 , respectively. And the corresponding dressed ð2Þ 11 and ð4Þ 22 are rewritten as
where
It is obvious that the fluorescence signal is different from the DFWM signal. First, in their perturbation chains, the DFWM process follows the closed-loop pathway while the fluorescence process does not. Second, DFWM signal can only be observed along certain direction but not the case for the fluorescence signal. Third, DFWM signal is caused by the atomic coherence effect, but fluorescence signal is induced by spontaneous emission.
The propagation equations giving the mathematical description of the self-and cross-phase modulation (SPM and XPM) induced spatial interplay of the probe and DFWM beams are
is the diffraction length and w 0 is the spot size of probe beam), with z being the longitudinal coordinate in the propagation direction; ¼ x=w 0 and y=w 0 are the horizontal and vertical coordinates in transverse dimension, respectively; hand sides, the first terms describe the nonlinear self-Kerr effects, and the second to the fifth terms describe the nonlinear cross-Kerr effects. All the Kerr nonlinear coefficient can be described by a general form n 2 ¼ Re ð3Þ =ð" 0 cn 0 Þ, which determines defocusing (focusing) effect when the sign is negative (positive). The nonlinear susceptibility is ð3Þ ¼ D
R1&R2
10 , where
, 7) and the density-matrix elements are 2 . Equations (5a)-(5c) proportionally determine the self-Kerr effect induced by E p;F themselves, and the cross-Kerr effects induced by E 1;2 and E 0 1;2 , respectively. Thus, n 2 can be simplified as n S1;S2 2
N is the atomic density and j0 is the dipole moment between jji and j0i.
If the diffraction and SPM terms are neglected, the solutions of Eq. (4) are obtained as u p;F ðz; Þ ¼
) in the transverse dimension relative the center coordinate of E p;F as original point. Therefore, the additional transverse propagation wave-vector introduced by
, where is the unit vector along the transverse axes. The direction of k i determines the E i -induced spatial characteristics of E p;F in the transverse dimension. When n Xi 2 > 0, k i and k 0 i always point to the beam center of the strong field, so the weak fields shift to the strong field. While n Xi 2 < 0, the weak fields shift away from the strong field. Moreover, nonlinear phase shift shows that stronger spatial focusing/ defocusing, shift and splitting can be introduced with larger nonlinear refractive index Án
2) and lower I p;F . [jG 2 j 2 =d 2 in Eq. (1) Fig. 2 (a5) due to the absence of both E 1 and E 0 1 . Corresponding to the E p signal, the E F signal is shown in Fig. 2(b) . The primary AT splitting at
Experimental Results and Theoretical Analyses
The secondary one at Á 1 ¼ À60 GHz that is presented in Figs. 2(b1)-2(b3) indicated by the dashed line, is because of jG 2 j 2 =d 2 in Eq. (2). In Fig. 2(b4) , the secondary AT splitting disappears due to the absence of both E 2 and E 0 2 . Figure 2(c) is the corresponding theoretical calculations, which agree with the experimental results [ Fig. 2(b) ]. As for the fluorescence spectrum signal exhibited in Fig. 2(d) , we first define the background which is the fluorescence spectrum signal when Á 1 is far away from the EIT/EIA region. The background is the largest when all laser beams are on [ Fig. 2(d1) ], as a result of the contributions from 2 ) due to the terms jG 1 j 2 =d 2 and jG 2 j 2 =d 2 in Eqs. (3a) and (3b), respectively. Especially, it is interesting to notice that the two dips cannot be obtained if both E 1 and E 0 1 are blocked as shown in Fig. 2(d5) , because the single-and two-photon conditions are destroyed.
In order to further investigate the dressing effect and XPM, we turn to the images of E p;F with the same conditions as in Figs. 2(a1)-2(a4) but Á 2 ¼ 0. Figures 2(f ) and 2(g) show the intensities and spatial characteristics of E p;F images versus Á 1 , by blocking different laser beams and setting Á 2 ¼ 0. In Fig. 2(e Fig. 2(e4) ], so the images of E p in Fig. 2(f4) do not show this switch.
The spatial shifts of E p;F images are shown in Figs. 2(f ) and 2(g). Coordinates x and y of each E p;F image (i.e., the horizontal and vertical directions in the transverse dimension, respectively) are given in Fig. 1(c) . When all beams are on, the shifts are larger in y-direction [Figs. 2(f1) and 2(g1) Fig. 1(c) . Fig. 2(e3) ], which determines that the E p;F images shift towards (outwards) E As all laser beams are on, it is interesting to notice that E F image splits in x-direction when Á 1 is far from Á 1 ¼ 0, but splits in both x-and y-directions when Á 1 is close to Á 1 ¼ 0 [ Fig. 2(g1) ]. Compared with the case in Fig. 2(g1 Fig. 1(c) ]. First, we discuss the E F image in the region Á 1 < 0. When Á 1 is far away from Á 1 ¼ 0, E F overlaps partly with E 0 1 mainly in x-direction and splits in the direction because E F is attracted by E 0 1 with Án
2 is large enough to make E F shift along with y-direction because E 0 2 attracts E F in the direction. So E F will overlap partly with E 0 1 in both x-and y-directions, which will cause E F to split along both the two directions [ Fig. 2(g1) ]. When E 0 2 is blocked, E F overlaps partly with E 0 1 less in y-direction. As a result, the splitting in y-direction is weaker in comparison with that in x-direction, as shown in Figs. 2(g2) and 2(g4). Next, in Á 1 > 0 region, the E F image splitting occurs in x-direction because E F shifts downwards with the repulsion of E 0 2 and E F overlaps partly with E
Besides investigating the spectra of the E p transmission, E F and fluorescence signals versus Á 1 , we also study the three signals versus Á 2 with Á 1 ¼ À67:5 GHz as shown in Figs. 3(a), 3(b) , and 3(e). For E p , EIA window [indicated by the dashed line in Fig. 3(a) ] forms at Á 2 ¼ 70 GHz from the cooperation of E 2 and E 0 2 together, where the EIA condition
(1) is satisfied. Therefore, when E 0 2 or E 2 is blocked, the EIA window becomes shallower as shown in Figs. 3(a2) and 3(a3) , while the EIA disappears when both E 2 and E 0 2 are blocked as shown in Fig. 3(a4) . Similarly, the E F signal is enhanced at the same location with EIA due to jG 2 j 2 =d 2 describing the dressing effects of E 2 and E 0 2 in Eq. (2). Therefore, the enhancement peak becomes weaker with E 2 or E 0 2 blocked and disappears after both E 2 and E 0 2 being blocked [ Figs. 3(b2)-3(b4) ]. Meanwhile, the EIA of E p and enhancement of E F with E 0 2 blocked are smaller than that with E 2 blocked due to P 0 2 > P 2 , as shown in Figs. 3(a2)-3(a3) and 3(b2)-3(b3). For fluorescence signal, the spectrum signal is shown in Fig. 3(e) . With all laser beams on, due to the combined contributions from Fig. 3(e1) . The height of the fluorescence baseline becomes lower when E 2 or E 0 2 is blocked, as shown in Figs. 3(e2)-3(e3) , and lowest when both E 2 and E 0 2 are blocked [ Fig. 3(e4) ]. Since P 2 and P 0 2 are larger than P 1 and P 0 1 , the effect of ð4Þ 22 is stronger than that of ð2Þ 11 , which leads to the slightly decreasing of the background baseline if E 1 and E 0 1 are both absent as shown in Fig. 3(e5) . Next, Figs. 3(e1)-3(e3) show two suppression dips. The left one at Á 2 ¼ 0 satisfies the single-photon resonance condition which is determined by E 2 and E 0 2 , namely, the terms A 2 and A 4 in Eq. (3a). The right one at Á 2 ¼ 67:5 GHz satisfies two-photon resonance condition that is determined by jG 2 j 2 =d 2 and jG 1 j 2 =d 2 in Eqs. (3a) and (3b). When E 2 and E 0 2 are blocked, the two suppression dips disappear [ Fig. 3(e4) ] because the single-and two-photon resonance conditions are destroyed. Moreover, if both E 1 and E 0 1 are absent [ Fig. 3(e5) ], the suppression of the right dip disappears because the two-photon resonance is not satisfied while that of the left one almost does not change [the inset of Fig. 3(e5) ] because the single-photon resonance is still satisfied. The theoretical plots of fluorescence signal in Fig. 3 (f ) agree well with the experimental results in Fig. 3(e) . The spatial characteristics of E p;F versus Á 2 with Á 1 ¼ À67:5 GHz are also investigated in Figs. 3(g) and 3(h) when different beams are turned on ; and the spatial geometrical configuration of the laser beams is similar to the case in Figs. 2(f ) and 2(g).
The images of E p in Figs. 3(g1)-3(g3) focus more significantly at Á 2 ¼ 70 GHz, corresponding to EIA in Figs. 3(a1)-3(a3) . First, when E 2 and E 0 2 are on, E p images focus more significantly [ Fig. 3(g1) ] than in the case when E 0 2 or E 2 is off at Á 2 ¼ 70 GHz [Figs. 3(g2) and 3(g3) ]. While E 2 and E 0 2 are both off, the images are similar to the backgrounds which are far away from Á 2 ¼ 70 GHz [ Fig. 3(g4) ]. This evolution can be explained by Án Fig. 3(i) , that is, the dressing effects of E 2 and E 0 2 determined by jG 2 j 2 =d 2 in Eq. (5c). And the E p images at EIA position in Fig. 3(g3) are focusing more than those in Fig. 3 (g2) due to P 0 2 > P 2 . When Á 2 is far away from Á 2 ¼ 70 GHz, Án Figure 3(h) shows spatial characteristics of E F under the same condition as in Fig. 3(g) , one can see that the background images of E F split in x-direction since E F and E 0 1 overlap partly in x-direction, which has already been explained in Fig. 2(g) . Here, we pay attention to the enhancement position (Á 2 ¼ 70 GHz). The E F images focus more significantly but do not split in Figs. 3(h1)-3 (h3) compared with Fig. 3(h4) . According to the nonlinear phase shift
is stronger, 0 1 will be smaller, which causes that the splitting of E F images become weaker and even disappear in enhancement position.
Changing the frequency detuning
In this part, we study the spatial E p transmission and E F as well as fluorescence signals by scanning Á 2 with different Á 1 and discuss the dressing effect of coupling fields in detail. Figures 4(a)-4(c) show the E p transmission, E F and fluorescence signals versus Á 2 with Á 1 varying from negative to positive. For E p , Figs. 4(a1)-4(a9) display the evolution from EIA, to EIT, and finally EIA. For E F , the spectrum signal evolutes from pure-enhancement, to firstenhancement-then-suppression, to pure-suppression, to firstsuppression-then-enhancement, to dual-enhancement, to first-enhancement-then-suppression, to pure-suppression, to first-suppression-then-enhancement, and to pure-enhancement [Figs. 4(b1)-4(b9) ]. The corresponding enhancement condition (EIA condition) is Figs. 4(g1) to 4(g9) and from Figs. 4(h1) to 4(h9), E p;F images show the evolution from focusing to defocusing, which is determined by Án
[the inset plot in Fig. 4(i) ]. (2) E F images have spatial splitting, the orientations of which transform between x-and y-direction with changing Á 1 [Figs. 4(h1)-4(h9) ]. These phenomena have been explained by the relative spatial configurations of the strong and weak beams, and XPM effect in Fig. 2(g) . Specifically, the E p;F images at the two-photon resonance location, shift from left to right indicated by the dotted lines as shown in Figs. 4(g1)-4(g9) and 4(h1)-4(h9) . Near the two-photon resonance region, the spatial characteristics of the images, such as focusing, defocusing, and shift are mainly due to the dressed XPM effects induced by E 2 and E 0 2 through the term jG 2 j 2 =d 2 in Eq. (5c). The evolution of Án XE 2 ;XE 0 2 versus Á 2 with Á 1 changing is displayed in Fig. 4(i) , in which jÁn XE 2 ;XE 0 2 j is larger near the two-photon resonant point (Á 1 þ Á 2 ¼ 0) than far away from the point, so the E p;F images will focus/defocus significantly. For example, at the EIA location, the E p images focus significantly in Fig. 4 (g1) (Án 
Changing the powers of coupling fields
In order to better understand the dressing and the XPM effects of coupling fields, we further research the spatial E p transmission, E F as well as fluorescence signals by changing the powers of E 2 (E Fig. 5(a) . The EIA window of E p nearly at Á 1 ¼ À100 GHz is still due to jG 2 j 2 =d 2 in Eq. (1), and the secondary AT splitting in E F signal corresponding to the EIA can be also explained by jG 2 j 2 =d 2 in Eq. (2), where the set of expressions Fig. 5(c4) , the two-photon suppression dip disappears and the background is the lowest. Certainly, the self-dressed EIT of E p , primary AT splitting of E F and the right suppression dip of fluorescence signal at Á 1 ¼ 0 cannot be affected by E 2 and E 0 2 , since they are due to the dressing effect of E 1 and E 0 1 determined by A 1 in Eqs. (1)-(3) . The theoretical results calculated according to Eqs. (3a) and (3b) are shown in Fig. 5(f ) , which agree with the experimental results in Fig. 5(c) .
Figures 5(d) and 5(e) show the E p;F images corresponding to the spectrum curves in Figs. 5(a) and 5(b), respectively. Two interesting phenomena of focusing can be found. One is that the images of E p;F focus more significantly in the region near Á 1 ¼ À100 GHz where EIA and the secondary AT splitting locate than those in the region where EIT locates (the nearest neighbor image on the right hand side of EIA), which is distinctly displayed in Figs. 5(d1) and 5(e1). Another is that the focusing of images at EIA and secondary AT splitting locations becomes weaker and weaker as the powers of E 2 and E So the beam spots of E p at EIA position and of E F at the secondary AT splitting location focus more significantly than those at the two-photon resonance point. Moreover, jÁn XE 2 ;XE 0 2 j is proportional to the powers of E 2 and E 0 2 , so the amplitudes of the dotted curves decrease when the powers of E 2 and E 0 2 decrease as shown in Figs. 5(g1)-5(g4). As a result, the E p images become larger nearby Á 1 ¼ À100 GHz due to weakened focusing from top to bottom in Fig. 5(d) . Furthermore, the spatial shifts of E p;F images which are mainly induced by E 0 2 , are investigated in Figs. 2(f ) and 2(g). Especially, it is worth investigating that the spatial shift along y-direction becomes more distinct around the two-photon resonant point than that exactly at the point, because jÁn Figs. 6(a)-6(c) , the spectrum signals of E p transmission, E F and fluorescence versus Á 2 at Á 1 ¼ À37:8 GHz are investigated. For E p signal, Fig. 6(a) shows that the EIA of E p moves rightwards slightly indicated by the dashed line and becomes stronger from top to bottom. In Fig. 6(b) , the enhancement of E F moves rightwards, gets stronger and switches from partial enhancement/suppression to pure-enhancement, when the powers of E 1 and E 0 1 decrease from Fig. 6 (b1) to 6(b4). To explain these results, we consider the dressing effects from E 1 (E of (2) , which determines the enhancement (EIA) condition
Based on the enhancement (EIA) condition, Á 2 becomes larger when the powers of E 1 and E 0 1 decrease. So, the EIA of E p and enhancement of E F move rightward from Fig. 6 (a1) to 6(a4) and from Fig. 6(b1) to 6(b4) . Moreover, according to the structure of double-dressing term jG 2 j 2 =ðd 2 þ A 3 Þ in Eqs. (1) and (2), the dressing effects are strengthened, and the depths of EIA and enhancement increase with the decreasing powers of E 1 and E 0 1 . When the powers of E 1 and E 0 1 are very small, the dressing effects of them can be ignored and the enhancement condition returns to that in the single-dressing case, so the pure-enhancement is obtained at Á 2 ¼ 40 GHz [ Fig. 6(b4) Fig. 6(f ) , in which the inset shows Án Fig. 6(f ) ] and the EIA becomes remarkable, so E p images will become larger at the EIA position and overlap partly with E 1;2 and E 0 1;2 [the corresponding spatial geometrical configuration is shown in Fig. 1(c)] , and E p is attracted and splitted by them due to Án Fig. 6(f ) ], as shown in Fig. 6(d4) . Lastly, the x-directional splitting of E F images shown in Figs. 6(e1)-6(e3), changes from strong to weak due to the decreasing powers of E 0 1 which overlaps partly with E F along x-direction. In Fig. 6 (e4) the powers of E 1 and E 0 1 are the smallest, so the E F intensity and images are respectively weakest and smallest, which results in that the E F images do not overlap with E 0 1 . Therefore, the splitting of E F images is not observed in Fig. 6(e4) .
Conclusions
In summary, we have investigated the spatial images characteristics and the spectrum signals of the probe transmission, DFWM, and the accompanying fluorescence spectra signal simultaneously in FWM process in a cascade dressed three-level atomic system for the first time. Adopting different composition of coupled fields, adjusting the frequency detuning, and changing the powers of the coupled fields are utilized to investigate the spatial and spectrum characteristics. We find a strong suppression in fluorescence signal which is due to the strong dressing effect of coupling fields launched from a pulse laser. The particular spatial characteristics of E p;F , such as spatial shifting variation, splitting as well as the transformation between focusing and defocusing effect of the images of probe transmission, DFWM with dressing effect in a cascade three-level atomic system, are discussed and explained reasonably in detail. With the experimental results of the spectrum signals of E p;F and the accompanying fluorescence, the spatial properties of the signals have been well explained by the cross-Kerr nonlinear effect and the relative position between the weak beams and strong beams. Such investigation has potential applications in all-optical spatial signal transmission.
